Duc T. Nguyen

MOMENT DISTRIBUTION METHOD

To simplify the derivation, one assumes:

(a) Prismatic member (constant I)
(b) No member chord rotation (¥ =0)
(c) No joint translation

(d) No support settlements
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Step-by-Step Procedures

Step 1: Consider an unload structure and
joint b is also fixed (locked)

Step 2: When the uniform load acts on the
structure,

FEM,, and FEM,, are developed and
can be computed.

Step 3: This FEM will cause joint b to rotate
CCW,
when joint b is unlocked => unbalanced
moment

Step 4: When joint b rotates, certain

moments are developed through out the

length of all members meeting at joint b
=> distributed moments

Step 5: Joint b will continue to rotate until
sufficient distributed moments are developed
at the “b” ends of these members to counter
balance the effect of M,,.

Step 6: Simultaneously, end moments are
developed at the far ends of these members
=>> carry over moments
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Step 7: When equilibrium at joint b is established, the total end moments of various members
will be the algebraic sum of the FEM and the moments caused by the rotation of joint b.
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D 1v[at]ointb =0 = M, + Mba + Mpe + Mpq + 1v[be/- (100)
e
Distributed moments

Using Slope Deflection Equation (SDE), with
0, =0=06.= 04 = 0, (Because fixed supports)

Ypa= 0 =Wy = Wpq = Phe (Because no members’ chord rotations)

Zero, because it has already been
accounted in the unbalanced
moment M,

One obtains:

My = 2E (Ko = 1) [26, +\9\—A(3‘12L = 9]+ 1}&( (1o1)

Mba = 4EKba6b A ZEero

Similarly, My, = 4EKy, 0y, (102)

Mbc == 4EKbd9b

Mbe = 4EKbC6b Y,

Substituting Eq. (102) into Eq. (100): 4E08;,(Zp K = Kpa + Kpe + Kpg + Kpe) + My = 0

_Mu

Thus: B = ot

(103)

Substituting Eq. (103) into Eq. (102):

_Mu — K a -\
M = 4Ku, » g = = (DFon = §5) + M,
S~ (104)
Ky,
My (DFbC = 5 IE) * M, D
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How to compute carry-over-moment (M,;) from distribute moment (My,,)?

From Eq. (101), one has:

Mpa = 2E(Kpa)[20p]

Myp = ZE(Kba)[ a T 6]

:M

ap = Carry — over — moment = %Mba
(105)

ero )
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Example 1:

I
KbazKab__():O'lI %
2
?\: o T
KbC= ch=1—5=0.21 N
Kba 0.11 1
DF = = =-
ba ™ v K™ (0.11+021) 3
0.11
DFap = (C.K=011)
Kpe 021 2 0.21
DF = = —=- DF = — =
bc ™ v kT 031 3 cb (ZcK=0.21)
Joint a Joint b Joint b Joint ¢
{(Fixed) (Roller) (Roller) (End roller)
Members ab ba be ch
D.F. 1 1 2 !
3
. -9 gR/i +14, 4 —lﬂ 75 (+18.75 ]unbalanced moment at joint C)
FEM ;) {‘_
Unlock jt. C unha.lx.nmd moment P -18.75 (dietributed moment
at joint b LA wer M., is developped)
Unlockjt. B | . carry| +4.58 +0, 15_ +4.58
+2 over
over
(distributed moments
M, ,and M, are developped)
Unlockjt. C -2.20 | 4 -4.58
Unlockjt. B +0.38 ———=0.76 +1.53 » .76
Unlockjt. C ( -0.38 - -0,76
Unicl-r_‘kji. B +0.07 4———=+0.13 +0.25 p+0.12
M., = -68§ M, =1985| M, =-1989 My~ 0
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Reduced Member Stiffness with End Roller
(or Pin) Support

¢ In Examplel, convergence is rather slow because the (end) joint C is actually a “hinge end”,
and continuously throws back a sizable carry-over-moments to joint b.

¢ Also, joint ¢ should be unlocked and remains to be unlocked (as a hinge support), so that
joint C will not be continuously received the carry-over-moment from joint b.

e Using SDE, with joint C is consider as a hinge support (not fixed support, hence 6c # 0) one
obtains:

Mg, = 2E(Kcp)[20¢ + 6] = 0 (Since moment at the hinge joint C is zero)

Hence:
Bp
0= — =2
¢ 2

0 36
Also, Mpe = 2E(Kpo)[20y + Oc] = 2E(Kpc) [260) — 22| = 2E(Kpe) [ 5]

Or: My = E(Kpc)[365] = 4E (2Kpc) [85] = 4E(KR; ) (0] (108)

Comparing Eq. (108) and Eq. (102), they look “very similar”. The only difference is
that K. (in Eq. 102) is replaced by the “reduced stiffness”

Sl w

Kpc (109)

R
Kpe



Duc T. Nguyen

Example 2: Re-do Example 1 (but using reduced stiffness KR.)

I Kpa I 20
= = — - = —x — = ().
Kba = Kap 10 DFpa YpK 10 5I 0.4
R
R= (K= (3)(2)= 2= 2 DR, = KB _ 31 20 _
Kpe (4 Kbe 4/ \15 60 20 > DFp YoK 20 I 0.6
Z K =Kpy + K& = — 4 o = 2]
—ha T Rbe T 909 T 207 20
b _/
Joint a Joint b Joint b Joint ¢
(Fixed) (roller) (roller) (end roller)
Member ab ba bc cb
DF 1 0.4 0.6 1
FEM —9 Kt u4.4 -18.75 +18.75 (unbalanced moment at
— Joint C)
Unlock jt. C } 938 S,ﬂ -18.75
over
Unlock jt.b +2.75 Y +5.49 +8.24 I B N/A
over
Mg, = —6.85 | Mp, =19.89 || M, = —19.89 Mg =0

(Unbalanced moment at Joint b)
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Example 3: (over hanging beam)

B # C B &
* o ¥ .
A A
bt I Y Y IR IR ] L o __ hY PR PR TN T Y TR /) /___-_ —_ -
| e < 7 B RS e
| |
10 ‘ 12 100 ‘ 10 ‘ 12
OF Kea 1 80 8
BAT YLK~ 10 131 13
O KR 3 1 ) 80 5
= = (—%—) %k — = —
BCT YLK Y4 127 131 13
_ R _ L) (3_' _ L) _ 1l
2K = Kga + Kgc (10 tls~ 16 80
Joint A Joint B Joint B Joint C
{fixed) {roller) {roller) {end roller)
Member | AB BA BC CB CD
DF 1 £ iz 1
13 13
FEM oK L'n}iﬁ -21\ (24 A )
i
Unlock k 9,1 % 4
jt.C
Unlock | +8 —+16 +10- - —— - - — N/A
jt. B
MJ‘-‘;B = 3 MBJ'—'; = 16 MBC = —16 MCB = 20 MCD = =20
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Example 4: (Frame Structure)

(1) i) -

Kpa BET DFgy =

20
2 1

K0 =376

—)DFBDz

ZK_<1+31+1>_121+91+201_411
a ~\10 40 6/ 120 120

5)(0) =30

31\ /120
*DFBC:< )(m

)

9
41

20
41

12
41

('_’l

W= 38/
" N
£ T
(L, 10ft)
—wl?
A=y

FEM,p = —25Kf

(I, 10ft)
21,12ft)

Joint A (fixed) Joint B (free) Joint C (End Joint D(fixed)
Roller)
Member AB BA BC BD CB DB
DF 1 12/41 9/41 20/41 1 1
FEM - 25kt +25 0 0 0 0
Unlockjt. B -3.66 «—:7.32) (-5.49)] €122 N/A -6, 1
[ =] | ‘
Map = —25.66 Mgc = —5.49
Mgs=17.68 Y p— Meg=0 Mpg= 6.1
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Example 5: (Frame Structure)

E
FEM
[ =L _Kea _ 3 £C
Kga =1; 2 DFpa = SKe — 11 - 2
ZI BD I
K = — =— DF - - Wwe 3K/E ; :
BD= 157§ — DFpp YK 11 " (T, 121t)
< K : DF 3 : 3 L
= —> = —
BC = 70 BC 11 (I, 10ft) (I,10ft)
2L 121t)
111 —wiZ D[
2 Kp = Kga + Kpp + Kpc = 30 Ve 7 ST
N
( K I DF ( I )(80) 8
= — - = |— —_— = —
8710 ¢~ \10/\131) ~ 13
8 = (5) () = 7 = DFes = ¢
=\ —_— = = = —
{ CE~\4/\12) " 16 CE™ 13
Z Ke = Keg + KB = —
c = KcB CE~ 3o
(COM = Carry Over Moment)
\
Tt A Jt. B (Free) Jt. C (pin) Jt. D (Fixed) | L. E
(Fixed) (end
pin)
Membe | AB BA BD BC CB CE DB EC
I
DF 1 3/11 511 311 8/13 513 1 1 —
FEM —poKfr [/+25 0 '“\ 0 24 0 [:3—1_)'
Unlodk \ -24
jtE
COM \\ '-\_ -12 )
Unlock 2215 +13 85
{ jt.C
COM 1108/
Unlodk: -9.84 -16.4 -9_84
jt.B L
COM 452 * 492 -§2 > |
Unlodk +3.03 1.89
jt.C A
COM D >
Unlodk -0.41 -0.69 -0.41
B e
COM 0207 0 ED;I -0.34 /
Unlodk +0.12 +0.08
jt.C A
COM 0.06 =
}{EE '\{Eﬁ }{ED }{EE _“{EE = 2[]18 }'IEE = —2018 }'IDE = —85‘-} }{EE = U
= -3012| = 14.75( = —-17.09 =241
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Moment Distribution (with Sideway)

Example 6:

_31( fr

W= 3E/f
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E\
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= a4 g @Lf"‘\ R
ek (_’«TI,qu[b)

(2}

S

ST (_’«TI,ij

Imagmary Support
(to prevent side-way)
D

AT RARE

Case A: No side-way

_ 2
[FEMpe = —t =

12

Kua = - D= (2) (2) =04

KBC__=§ _>DFBC = 0.6
I 51
ZKB 8- 24
3 _! _ Kep _
Kep =75 =5~ DFes Y Ke
311
Kep =2 =z DFgp= =05

11

D

—144K"

D

Case B: with side-way
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CaseA:
Jt. A(Fixed) | Jt. B (Imaginaryroller) Jt. C (Free) Jt. D (Fixed)
Member AB BA BC CB | cD DC
DF 1 0.4 0.6 0.5 0.5 1
FEM okt (o 14450 727 0
L
Unlockjt B | +57.6 +86.4 |
COM 28.3 4 h43.2 |
UnlockjtC -93.6 -93.6
COM (-46.8] «— T~ -46.8
UnlockjtB +18.72 288~
CcoM 9.36 4— TR(14.04)
UnlockjtC -7.02 -7.02
COM -3.51 ) «— T4 351
UnlockjtB | +1.40 +2.10
coM 0.70 «— 105
UnlockjtC -0.52 -0.52
coM (-0.26 )4« T4 -0.26
UnlockjtB | +0.10 +0.16
CoM 0.05 «— »0.08
UnlockjtC -0.04 -0.04
coMm 0.02 4 4 -0.02
Mug = 38.91| Mg, = 77.82] Mgc = —77.82| Mg = 101.2 | Mp = —101.2 | Mpc= —50.7

77.42 +38.91 _ g-7p
Larset=B
1'I\--’-"-'-':ﬂ' 1'%
Vit e
'r‘!'L"‘\ -
. NMep=¥
-"L-I'-'q'q: ?3—11 |.
'|A"S_'D
bl
Im'l.i-:"’o'..lf -
v, e
—o o
_— 4 i~
‘éF —ad \"': - V‘_:_ F & — ;;:"\.
=
O = Z72-6.32 +6 —R
=

5o 1 E—_.49 39
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Case B: Fixed all joints, and applied side-way

I +A
MAB = ZE (E) [Z&A +&B - 3 (IPAB = E)] + FE\XIAB
4 ,
_EIA M B .l b (-..-' b
\ AB T o T MBA A - AT
31 +A
[ Mep = 2EC) [zéy +\§D —3(wep = 2|+ FEMCD
A
< —3EIA 7
Mep = = M
CD 96 DC
\
L P
Now, arbitrarily select EIA = 3840
Hence, Mpg = —160 = Mgy = FEMp e 6 settlement 2
Mcp = —120 = Mpc = FEMpye to settlement A
Jt. A(Fixed) Jt. B (Free) Jt. C (Free) It. D (Fixed)
Member | AB BA BC CB CD DC
DF 1 0.4 0.6 0.5 0.5 1
FEM | -160%% (-160 0] 0 -120 -120
Unlock |[+32  ____ — +64 +06 ——pll +48
B
Unlock |:+18|4.-—-—--'—' +36 +35 —*| +18
C
Unlock |-3.6 4——T-7.2 -10.8 ———i{-5.4
B
Unlock 1.35] —1+2.7 2 —— 35
&
Unlock | -0.27 4—-0.54 -0.81 -O.4D|
B
Unlock 17020 020 %] 0.10
=
Unlock | -0.02 «——1-0.04 -0.06 — ] -0.03
B
MAB — _1319 MBA == _1038 MBC — 1038 MCB — 811 MCD = _811 MDC: _1006

13
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Determine the force P which causes

EIA = 3840
From Case B:
V;=1964 B 1038 81.1
P : .
pl L= K
P — 7(“( . v 7.57
81.1+ 103.8 Vs
E 1-'3 -
2‘] 1I|Ir'| fi
V, : -
—\ Eaa\ Mcp = 81.1
103.8+ 1319 ?ﬂﬂ 1.1+ 100.6
Vs —onou Mpa, = 103.8 A p— =
1 12 BA LA 54 1.57
V; = 19.64
V, D
«F— Vi = 1964 V=1 |p V, = 7.57
e '
My = 1319 —
Mpe = 100.6
*s
(Z FX)Member pc=0="P—-V, -V,
0=P—-19.64—-7.57
Hence: P = +27.21K
However, from case A, one only has R = 9.39K
K
Thus, case B results have to be scaled down by a ratio Ratio = 297'32911( = 0.345

New results for case B:
(MZB)caseB = (Mag)cases * 0.345 = (—131.9)(0.345) = —45.52
(Mga)cases = (—103.8)(0.345) = —35.81
(Mgc)case 8 = (+103.8)(0.345) = +35.81
(M¢p)case B = (81.1)(0.345) = 27.98
(M¢p)cases = (—81.1)(0.345) = —27.98
(Mpc)caseB = (—100.6)(0.345) = —34.71

14
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Superposition of Case A and Case B

The final end-moments of the original problem can be given as:
1VIAB = (MAB)caseA + (MZB)caseB = (38-91) + (_45-52) = _6-61K_ft
Mga = (Mpa)case o + (Mpa)case 8 = (77.82) + (—35.81) = 42
Mpc = (Mpc)casea + (Mpc)cases = (—77.82) + (+35.81) = —42

Mcg = = (101.2) + (27.98) = 129.1
Mcp = = (—101.2) + (—27.98) = —129.1
Mpc = = (=50.7) + (=34.71) = —85.4

/ —s129.1 kft

$oL
\ C
Y1201 K ft
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